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Abstract

The cone of normals techniquefor curved surface patches allows to perform various quick tests
at the patch level such asfront- or backfacing test, light influence test, and existence of silhouette
edges test. For a given patch, a truncated cone of normals is constructed at creation time, which
containsall pointsand all normal directionsof thepatch. At traversal time, a Ssmple scalar product
test determines whether the whole patch is backfacing or frontfacing, so that the costly step of
tessellating the patch is avoided in case of patch level face culling. In addition, the technique
quickly determines which light sources have no influence on a patch, and which patches have no
silhouette edges. The technique can also be usedfor other surfaceprimitives, such as triangular
strips and quadrilateral meshes,

Keywords: Surfacepatches, dynamictessellation, cone of normals, backfacerejection, faceculling,
slhouette, lighting.

1. Introduction

In this paper, we propose a technique for speeding up the graphica processng of curved
patches. In our discussion we focus on Béier patches, dthough the technique is applicable to all
surfaces that have a well defined normal function.

There aretwo main approachesfor the graphical processing of curved surfaces. The traditional
static tessellation approach reduces a surfaceto afixed bag of triangles, which then gets processed
for each subsequent frame. In contrast, the dynamic tessellation approach tessellates the surface
into properly sized triangles for each frame, based on viewing parameters [AbiEzzi91]. In this
paper, we focus on dynamic tessellation which we consider to be the trend of the future.

The tessellation of curved patchesis afairly expensve operation, and hence it is desirable to
apply operationsat the patch level in order to avoid tessellationaltogether, or to facilitatetessellation
and processing of resulting triangles. The main idea of this paper is to construct a representative
cone of a patch, a creation time, and then to apply efficient operations on this cone, at traversal
time, in order to quickly reason about the patch.

After the patch is tessellated, each resulting triangle is passed to atriangle pipeline, such as
the one shownin Fig. 1. A triangleis first tested whether it lies outside of the modeling clipping
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Figure 1 A smplified triangle pipine.

region, the view clipping region, or faces away from the viewer. If one of these tests is true,
the triangle is rejected before performing lighting computations, clipping, and rendering. Fig. 1
also shows in which coordinate system (Modeling, World, or Display) each operation conceptually
takes place (athough actua implementationsusually perform these tasks in specialized coordinate
systems to optimize performance).

The tests as applied to triangles above could also be applied to curved patches. Using the
convex hull property, model clip and view clip tests can be easily accomplished by checking every
control point of the patch. If the patch is not rejected, it is then tessellated and each triangle is
processed by the triangle pipeline. In addition, if the patch is trivially accepted (i.e. it is not
properly clipped), tests on the resulting triangles are not needed.

In this paper, we propose using extent techniques for directions similar to the way they are
commonly used for points, as inthe bounding box or convex hull approaches. We introducethe cone
ofnomal s of a Bé&zier patch that contains all normal directions of the patch. It alows performing
face culling at the patch level, and it provides other information about the patch for speeding up
its tessellation and the subsequent processing of its triangles.

The cone of normals of a patch has the property that any point on the patch and the normal at
this point are contained in the cone. This alowsthe quick determination of whether:

« the whole patch is backfacing;

. the whole patch is frontfacing;

. agiven light has no influence on the patch;
« ajpatch has no silhouette edges.

The relatively expensive construction of the cone of normals is view-independent and takes place
only once at creation time. The actua tests, which are view-dependent and take place for every
frame, are very fast and involve just a scalar product computation.

This paper is organized as follows: in section 2 we describe the computation of the normal
patch and the construction of the truncated cone and the associated frontfacing and backfacing
regions for Bézier patches. In section3, we show how frontfacing and backfacing regions are used
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for efficient whole patch culling and for other purposes. Finally, in section 4, the effectiveness of
the technique is discussed, aswell asits application to other graphics primitives.

2. Construction of the Cone of Normals

The construction of the cone of normals proceedsin four stages. First, the normal patch of the
given Bé&ier patch is computed analytically based on its control points. This gives us the control
vectors of the normal patch. Second, we make use of the convex hull of these control vectors to
construct thefloating cone, which is guaranteed to contain all the normals to the given patch. We
use the termfloating sinceit is a cone of directionsand thereforeit has no fixed location in space.
Third, the floating coneis trandated in space and is truncated by two parallel planes orthogond to
the cone axisto contain the control points of the given patch. Finally, frontfacing and backfacing
regions are constructed, which are used for the quick tests at the patch level.

All the constructions described in this section take place a surface creation time and are
view-independent.

2.1. Computation of the Normal Patch

The normal function N = [N, N,, N,] of apatch S isthe cross-product between the tangent
vectors S, and S,, as follows:

i j k
N=S,xS,=|Xy, Y, Z,!
X, Y, Z,
In the rationa case, S, is such that:
X, = )] —meu, Y, = Y W —Zywu, 7z, = ZyW —2zwu,
w w w

and anaogoudly for S, . Sincewe only care about the direction of the normd, and in the equations
above dl the denominators are identical, we can € iminatethese denominators and obtain the scaled
normal N’, which has the same direction as N:

Ny = (Yuzo = 2ul)W + (Y24 = 24u)Wy + (Y02 = 259) W,
N, = (2uy — Tu2)W + (224 — T24)wy + (2,2 — T,2)Wy,

N, = (2uYo = Yu2)W + (TYu — YTu )Wy + (To Y — Yo YWy,

Thus, the normal functionisapolynomia Bé&ier patch based on the aboveformulas. Thereader
is referred to [Farouki88] for discussion of differentiation and arithmetic operations for functions
in Bezier form. Intherational case, the (u,v) degreesof the norma patch are (3d, — 1,3d, — 1),
where (d,, d,) are the degrees of the origina patch. In the polynomid case, w, = w, = 0, ad
multiplicationwith w is not necessary, so that the degrees of the normal patch are(2d, - 1, 2d, - 1).

Multiplication of high degree polynomialsin the Bézier basisis quite expensive. It turns out
that finding the normal patch is the most expensive operation in the whole process of normal cone
construction. For example, in case of rational bicubic patches, it takes about 75% of the total
computational time.
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a b
Figure 2: Construction of the floating cone.
2.2. Congruction of the Floating Cone

Oncethe normal patch has been computed, the floating cone is constructed. The floating cone
contains all the normal directions of the origina patch, and it is floating since it has no position,
only an orientation.

For the construction of the floating cone, we assume that al the control vectors are anchored
at the origin. By the convex hull property, the tips of all the normals to the original patch when
anchored at the origin, are contained in the convex hull of the tips of the control vectors of the
normal patch. Assume that these control vectors (or their extensions) intersect the unit sphere,
also centered a the origin, a points N;. Then the smallest enclosing sphere of all the intersection
points is constructed. The floating cone, when anchored at the origin, is defined to pass through
the intersection circle of the two spheres, which is shown in Fig. 2a

Finding the smallest enclosing sphere of a given set of points in space is a computational
geometry problem. There are exact and iterative agorithms for its computation [Lawson65], but
they are rather dow. Instead, we use a bounding box approach, whichis very fast and in practica
situations it produces a fairly close approximation to the enclosing sphere.

The idea of the method is very simple. A bounding box of all the points N; is constructed.
The center of the enclosing sphere is defined to be the center of the bounding box. Theradiusis
then defined by the largest distance from the center to one of the points (Fig. 2b).

In practice we construct the cone without finding the enclosing sphereexplicitly. We determine
the cone axisto pass through the origin and the center of the enclosing sphere, C, where

1

Cp= 3 (max N;z — min N,-w),
2 1
1 .

Cy= 3 (m?x Ny — mz_m Niy),
1 .

C, = 3 (m?x N;, — mim sz).



L.A. Shirman et al. / Cone of Normals Technique Curved Patches C-265

And we replace the step of constructing the enclosing sphere by constructing the floating cone
through finding the maximum angle between the cone axis and control vectors of the normal patch.
The cone semiangle o (the angle between the cone axis and its side) is defined by the minimum
scalar product of the normalized cone axis direction aand normal patch control vectors n;:

cos (o) = min (a- n;).
K2

In case ¢ is greater than /2 thereis no value in using the cone of normalstechnique, and this
optimization is simply not applied. Also, we have assumed that all the control vectors of the normal
patch are non-zero. If thisis not the case, the patch may have a degeneracy, and the corresponding
control vector has to be computed using higher derivatives or it may be undefined. In the latter
case, again the cone of normals technique is not applied.

2.3. Deter mination of the Anchored Truncated Cone

In contrast to the floating cone, the anchored cone has a fixed position, and it is a trandation
of the floating cone so that it contains the patch itself. The construction described below trandates
the floating cone so that it encloses all the patch control points.

The anchored cone is determined as follows. First, the “bottom” control point B with respect
to the cone axisis found (Fig. 3a). Thispoint is defined by the smallest scalar product of the cone
axisdirection and directionsfrom the origin to the patch control points. The bottom plane is then
defined to pass through the bottom point, orthogonal to the cone axis. The apex of the floating
cone is trandated and anchored at the bottom point.

Second, for each patch control point P;, which must be above the bottom plane, we check if
it is enclosed by the trandated cone. If it is not, then this point is projected onto the bottom plane.
The projection takes place in the plane formed by the cone axis and the projected point aong the
line of intersectionof the planewith the cone. Theprojected point P! can be computed as follows:

BP! =r (BP: - ha),
h:B_Pi-a,

\/||BP||* - h? — htan (o)
r= .
VIBE* - h?

Here k is the height of P; above the bottom plane, a is the normalized cone direction, and r is the
ratio of the distances to the cone axis from P/ and P;.

After this operation has been done for al control points, the smallest circle that encloses all
the points projected onto the bottom plane as well as the bottom point B is calculated. The two-
dimensiona equivalent of the enclosing sphere problem has been extensively studied. There are
fast algorithmscapable of computing the smallest enclosing circle in near-linear time using linear
programming techniques [Reparata85]. However, the bounding box approach aso works well in
the planar case and efficiently produces a near-optimal circle. The cone is then trandated o that
this circle lies on the surface of the cone.
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a b
Fgure 3: Condruction of the anchored truncated cone.

Clearly, for any point S above the bottom plane and outside of the trandated cone, aray from
Sparalel to any cone side does not intersect the smalest enclosing circle. Therefore, since every
projected point P! insidethe circle was obtained by projecting P; parallel to one of the cone sides,
then P;, and hence the whole patch, must lie insde the trandated cone.

Finally, thetop planeis determined in a similar fashionto obtainingthe bottom plane. Both the
bottom and the top planes are used to truncate the anchored cone as shown in Fig. 3b. Therefore,

by construction the anchored truncated cone contains al the points of the patch and all the normas
a these points.

24. Congtruction of Frontfacingand Backfacing Regions

After the above operations, we partition the space into a frontfacing region, a backfacing
region, and a neutral region in relation to the given patch; see Fig. 4. We show the construction
of these regions in a 2D dice of the cone through its axis, which then gets generalized to 3D in
a straightforward fashion.

The truncated cone ABCD containsall the points of the patch and the normal directionsat these
points. The frontfacing region EFG and the backfacing region KLM are constructed by drawing
perpendicularsBG and DK to side AB, and CE and AM to side CD as shownin Fig. 4. Point F is
the intersection of rays BG and CE, while point L is the intersection of rays DK and AM.

For any point P and any direction n inside the truncated cone the following relationships hold:

*  For any point N in the frontfacing region, the angle between PN and n islessthan = /2.

*  For any point Q in the backfacing region, the angle between PQ and n is greater than = /2.

* For any point S which liesin the neutral region (neither in the frontfacing nor in the backfacing
regions), the angle between PS and n can generdly range from 0 to .
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Figure4: A cross-section of the conethrough its axisto show the Frontfacing and backfacing regions.

Aswewill seein the next section, these relationships are crucial for fast patch level tests.

An imperativereasoning for the first of the above relationshipsis as follows: for a given fixed
point P in the truncated cone, consider the set S(P) of all pointsN such that the angle between PN
and any direction n inside the truncated cone is less than 7 /2. This set is a cone centered at P
with the axisparallel to the truncated cone axis and with the semiangleof /2 — a, where a is the
truncated cone semiangle. Since the above relationsip must hold for al points P in the truncated
cone ABCD, the frontfacing region can be defined as an intersection of all sets S(P) as P spans
ABCD, which results exactly in EFG. Similar reasoning holds for the backfacing region.

By construction, the frontfacing and backfacing regions are actually full cones with apexes
at F and L respectively. These apexes lie on the axis of the truncated cone. The semiangles of
both cones are equal to /2 — a. The distance from the bottom plane to L is equa to », tan (a),
where 7, is the radius of the bottom circle as determined in the previous section. Anaogoudly,
the distance from the top plane to F is equd to r; tan (a),where r; is the radius of the top circle,
This radius can be expressed in terms of the radius of the bottom circle and the vertical length |
of the truncated cone: r, = r, + ltan (o).

As pointed out earlier, this construction only makes sense when a islessthan = /2, sincewhen
the floating cone spans more than a halfspace, then obviously there will be no value in using this
technique.
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3. Usngthe Coneof Normals

All the construction steps described in the previous section take place at creation time in

Modeling Coordinates. At traversal time, smpletests based on the cone can be used to determine
various facts about the current patch in order to speed up its processing:

If the eye point (viewingdirection) is insidethe backfacing region, the angle between any patch
norma and the direction from any patch point to the eyepoint is greater than = /2. If backfacing
primitives are culled, the whole patch istrivialy rgjected. Very significant savings are readlized
if this is the case, becausethereis no need to process this patch further (and tessellate it).

If the eye point (viewing direction) is inside the frontfacing region then the whole patch is
trivially accepted. In this case, face culling tests on each of the triangles resulting from the
tessellation are avoided.

If alight sourceposition or direction is inside the backfacing region, this light source has no
influence on the front face of the patch. Therefore, the light can be turned off which resultsin
savings in lighting computationsfor each tessellated triangle of this patch.

If the eye point (viewing direction) is in the frontfacing or in the backfacing region, then the
patch has no silhouette edges because the angle between a patch normal and the direction to
the eye point will either be less or greater than = /2, but never equa to. Detection and special
processing of silhouette edges is an expensive operation, because all three normas of each
triangle need to be checked whether they are frontfacingor backfacing. Also, finer tessellation
is typicaly needed near silhouette edges. Flagging those patches for which these operations
are not necessary is helpful.

Similarly to silhouette edges, detection and specia handling of highlights is expensive, Tests
similar to the ones above can be devised to detect the existance or lack of highlights, but they
are more complicated and go beyond the scope of this paper.

The cone inclusion test of a given point is a simple scalar product test. The test makes sure

that the angle between the cone axis direction a and the direction from the cone apex to the point
is less than the cone semiangle. This can be done by ensuring that the scalar product of the
above normalized directions is larger than the cosine of the cone semiangle. In the case of the
frontfacing and backfacing cones, the cosine of the semiangleis equal to the sine of the truncated
cone semiangle.

In case of a perspectiveview (or positiond light source), let d; be the normalized vector from

the frontfacing cone apex F to the eye point (light position), and let d;, be the normalized vector
from the backfacing cone apex L to the eye point (light position). Then the test is

a-ds > cos (%—a) = sin (@)

for the frontfacing region and

—a-d; > sin (@)

for the backfacing region.

In case of aparale view (or directional light source), the above tests can be used if we set
d; =d;

to be the view (light) direction from the object.
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4. Discussion

In this section we discuss the vaue of the cone of normals technique in practice.

4.1. The Effectiveness of the Technique

We have tested the cone of normals technique on afairly large volume of NURBS data sets.
These data sets were produced by various CAD companiesfor industria applications.

Typically, 20% to 45% of all Bezier patches were trivially rejected due to backface culling.
The 20% rate was characteristicof cylindrical surfaces represented with four Bezier patches, so that
the floating cone semianglewas = /4. Models with alarge number of close to flat surfaces, which
are common, had rejection rates approaching 50%. On the average, about 30% of Bezier patches
were trivialy rejected, and about the same proportion of patches were trivialy accepted.

The 30% rejection rate means 30% increase in speed due to the fact that the rejected patches
need not be processed further. In addition, trivialy accepted patches (also 30% on the average)
can be processed faster, because there is no need to perform face culling tests on the triangle level.
Also, even if there is no face culling, face determination is still valuable, because proper (front or
back) attributes can be applied to the triangles without doing an orientation test per triangle.

Finaly, highly curved patches have their neutral regions encompass all of space, and hence
their frontfacing and backfacing regions reduce to nothing. Fortunately, these types of patches are
amost never used inindustrial applications, which usualy utilize B-spline surfaces consisting of a
large number of Bezier patches with reasonable curvatures. In any case, highly curved patches can
be detected at creationtime and either the cone of normalstechniqueis simply not appliedto them or
they can get subdivided, also at creationtime, until their subpatcheshave reasonabl e floating cones.

Fig. 5 illustrates application of the cone of normas technique to backface culling of a
dynamically tessellated cubic NURBS surface consisting of 9 Bezier patches. The snapshots were
generated by SurfTool, a prototype implementation of the dynamic tessdllation approach, The
technique is also implemented in SunSoft’s XGL graphics library.

In the first snapshot, the surfaceis roughly aligned along the viewing direction. The second
snapshot showsthe backface of the surfacewith backface culling disabled. The other four snapshots
represent the views of the surface asit is rotated between the first two positions. As soon as the
eye point moves inside the backfacing region of a Bezier patch, that patch is culled. The more
of the surface backside is visible, the more patches are culled. The snapshotsin Fig. 5 show the
surfacewith 1, 3, 5, and 8 patches culled. Since the culled patches are immediately discarded and
therefore not tessellated, they are not shown on the snapshots.

4.2. Application to Other Surface PrIimitives

So far, we have discussed the cone of normals technique to speedup the processing of Bezier
patches. However, the method can be used for other surface primitives, such astriangular strips and
quadrilateral meshes. These primitives arerepresented by ajoined set of triangular or quadrilateral
facets. In addition, vertex and facet normals are usually specified (Fig. 6).

Since facet normals are used for backfacergection, and vertex normals for lighting, both facet
and vertex normals should be used in the construction of the cone of normals. These normal
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Figure 5: Backface culling at the patch level of a dynamicaly tessellated NURBS surface.
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A

Figure 6: An example of atriangular strip and aquadrilateral mesh.

directions are used to construct the floating cone just like it was described in section 2, it isjust that
in this case relatively more numerous normals are used. The other steps of building the truncated
cone and the frontfacing and the backfacing regions are identicd to those for curved patches. The
only difference for these simpler primitivesisthat there is no need to compute the norma patch.

Obvioudy, the major benefit of avoiding the tessdllation in case of trivia rejection is not
applicable in the case of these primitives. However, the other benefits remain for face cull tests
(seeFig. 1), lighting computations, and silhouette edge detection.

4.3. The Case of Non-isotropic Modeling Transform

Since face culling and other patch-level tests take place in World Coordinates, where the eye
point and light sources are specified, al the cone tests need to take place there. This would make
the relatively expensive construction process depend on the modeling transformation. However, if
the modeling transformation is isotropic, all computations can be done in MC by transforming the
eye point (viewing direction) from WC to MC. Isotropic transforms are combinations of uniform
scaling, rotation, and trandation, and preserve aspect ratios and angles. In mathematical terms, a
linear transform M isisotropic, if MTM = I, where X is some constant and | the identity matrix.

However, a non-isotropic modeling transformation may distort angles. Therefore, inclusion
tests for frontfacing and backfacing regions have to be done in World, not Modeling, Coordinates.
This situation is similar to lighting calculations — if the modeling transform is isotropic, they can
be done in MC, otherwise, they have to be performed in WC.

An obvious way to proceed in case M is not isotropic is to transform the control vectors of
the precomputed norma Bezier patch to WC, by using the inverse transpose of M, and then do
al the remaining cone construction steps there. Hence, the mogt expensive operation — finding
the normal patch — can still be done at creationtime. Since the cone in WC is view-independent,
it is reusable after view changes.

Usually, the modeling transformations are combinations of rotations, trandations, and uniform
scaling. Non-isotropic modeling transforms are used quite rarely. Therefore, a practical implemen-
tation may choose not to use the cone of normastechnique in the case of anon-isotropicM at al,
because complicating the code may not be worthwhile for optimizing ararely occurring situation.
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5. Conclusion

The cone of normals technique establishes a container of directions, analogously to what
bounding box techniques do to points. We have described a way to construct a cone of normals,
which contains al the normal directions of a patch. We have shown how to use the cone of
normals in order to speed up important operations in the graphical processing of Bezier patches.
While the demanding aspects of the technique take place at patch creation time, the benefit is
achieved through quick tests at traversal time. This makes our approach very effective for highly
interactive applications, where view/patch relationships change very frequently.

Thecone of normal stechniquefitsvery well into the general approachof dynamictessellation of
surfaces[AbiEzzi91, AbiEzzi93]. In this approach, high performanceis achieved by the compilation
of graphics primitivesat creationtimeinto formsthat can be processed very quickly duringtraversal.
So, the construction of the cone of normals becomes a part of the compilation of a Bezier patch.
Both the cone of normals and the dynamic tessell ationtechniques are successfully implementedin
the XGL product from SunSoft.

Finaly, an areafor futurework is that for certain patchesit may be advantageous to construct
apyramid of normals instead of a cone. For example, all the normals to a cylindrical surface are
contained within a two-dimensional wedge; thus, athin four-sided pyramid would be by far more
effective than a cone.
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